I[I/Id)d)el)eHHI/Ia.HBHBIG YPAaBHCHHA BBICHTHUX TTOPAAKOB.

Onpenenenue. uddepeHunaabHbIM ypaBHeHHEM NMOPSIKA N Ha3bIBACTCS YpPaBHEHUE

BUJIA:
FOo,9,9 ™) =0
B HEKOTOPBIX CIIyYasix 9TO YPABHEHHE MOKHO paspeminth orHocutensHo y;
(n _ ' (n-1)
Yy —f(xay’y eV )
Tak ’xe kKak W ypaBHEHHE IEpBOrO IOPSAJKA, YPABHEHHS BBICIIUX IOPAIKOB HMEIOT
0ECKOHEYHOE KOJIMYECTBO PEIICHU.

Onpenesienne. Pemenue ¥ = @(X) yIOBJIETBOPSIET HavyaJbHbIM YCIIOBUSAM
(n-1) _ _ (n-1) _ .,m)
anyan(’)r--ayo » CCIIN (P(xo)_ym (P’(xo)_y(')a seer o (P (xo)—yo :
Omnpenesienue. Haxoxnenue pereHus YpaBHEHUS F(x,,9....9")=0,

JOBJICTBOPAOIICTO Ha4YaJIbHBIM YCJIOBUAM X, ! (n=1) HA3bIBACTCA pELHICHUEM 3aJavuu
0002022 )0 s

Komin.

Teopema Komm. (Teopema 0 HEOOXOIUMBIX U JIOCTATOYHBIX YCIOBHUSX CYIIECTBOBAHUS
pemenus 3anaun Komm).

Ecnu ¢pynxyus (n-1) —ii nepemennvix euoa f(x,y,y",...,y" ") e nexomopoii o6racmu D
(n-1)- meproco npocmpancmea nenpepvléna u uMeem HenpepvleHvle YacmHble NPOU3800HbIE NO
YT
cywecmseyem — eouncmeennoe peuwenue Yy =@(x) ypaeuenus Yy = £(x, v, ... y" "),
ONpeoeneHHo20 6 HEeKOMOPOM UHmeps8dane, cooepicawemM mouKy Xo, YOO8Iemseopsoujee

—1
HAYATLHOIM YCLOBUAM Xy, Vs Vosor Vo' .

-1 o
, Mo Kakoéa Ovl He 6bLIA MOUKA (Xy, Vs VeV ') € omoil obracmu,

Juddeperunanbable YpaBHEHUS BBICIIMX IOPSAJIKOB, PEHIEHHE KOTOPHIX MOXKET OBITh
HalJICHO aHAJIMTUYECKH, MOKHO Pa3/IeIUTh Ha HECKOJIBKO OCHOBHBIX THIIOB.
PaccmoTpuM noapoOHee MeTO bl HAXOXKACHUS PEIIEHUI 3TUX ypaBHEHUH.

YpaBHEHUSI, JONTYCKAOIIYE TOHMKEHNE TTOPIAKA.

Ilonmxenue nopsaka I[I/I(i)(l)epeHI_II/IaJ'IBHOFO YpaBHCHUA — OCHOBHOM METOJ PCUICHUA
ypaBHCHI/II\/JI BBICHIUX TMOPSAJAKOB. OTOT METO/J JAa€T BO3MOXHOCTE CPABHUTCIBHO JICTKO HAXOJAUTH
pemICHUC, OAHAKO, OH MPUMCHUM HAJICKO HEC KO BCCM YPABHCHUAM. PaCCMOTpI/IM cJIydau, Korjga
BO3MOJXHO IMOHMKCHHUE ITOpAAKA.

Vpasuenus suga Y = f(x).

Ecnu f(X) — ¢pyHKums HenpepbiBHAsS HA HEKOTOPOM NMPOMEKYTKe & < X < b, To pemeHue
MOXeT OBbITh HalIEHO TIOCIICIOBATEILHBIM HHTETPUPOBAHUEM.

Y = [fryde+C;
v = [Qf0dx+C, de+C, = [dx [f(0dx+Cxt €y



n-2

x"! X
y=faxfax...[f(oax+C, e C, A C;

[Ipumep. Pemute ypaBHeHune y" = e™* ¢ HauaIbHBIMU yenoBusiMu Xo = 0; Yo = 1;

" 2x 1 2x
y = Ie dx+C, =—e" +C;
' 1 2x 1 2x .
y——j—e +C, ldx=—e" +Cx+C,;

- L, 1
yZJ(Zez +C1X+C2):§e2 G+ Cx Gy

IToncTraBuM HavaJIbHbBIC YCIIOBHA:

1—%+C3; —1=%+C2; O=%+Cl;

VYpaBHeHMs, HE COAEpKAIINE IBHO MCKOMOU (hVHKIINH
U €€ MPOU3BOAHBIX 110 mopsiaka K — 1 BKIIUYHATEIBHO.

D10 ypasnenus suaa:| F(x, y", y* . y")=0.
B ypaBHEeHMSX Takoro THIIa BO3MOXKHO IOHIDKCHHE mopsiaka Ha K emmnun. [lns storo

IIPOU3BOJIAT 3aMEHY IEPEMEHHOIA!

PO Z g D g k),



Torna nonysaem: F(x,z,z',...,z")=0.

Teneps momycTum, 4To NoydyeHHOE AU PepeHnanbHOe ypaBHEHNE IPOUHTEIPUPOBAHO
Y COBOKYITHOCTb €T0 PEUICHUN BHIPAXKACTCSI COOTHOILICHUEM

z=y(x,C,,C,,....C, ;).
Jenast oOpaTHYIO MOJICTAHOBKY, UMEEM:
(k) _
»=yxC,C,.,..,.C )
WHTerpupyss IMOJIydeHHOE COOTHOIICHHE IIOCIeaoBareibHO K  pa3, mmoiaydaem
OKOHYATEJIHLHBIN OTBET:

y = (P(X,CI,CZ,...,C,,).

”

(v "m y
[Ipumep. Haiitu ob1iee perienne ypaBHeHUus " = —.
X

[IprMensieM noACTaHoBKy z = y"; z'=y";
, Z dz z dz _dx %_Idx

z =— _— -

3 5

X dx x z X z X
In|z|=ln|x|+In C;;  z=Cx;

[TpousBenast oOpaTHyIO 3aMEHY, OJTyYaeM:

>

C
y'=Cx; = _[Clxdxz sz +C,;

C C
y= j[sz +C2]dx=?1x3 +C,x+C;;

O6miee perenue ucxoaHoro A epeHInaIbHOTO YPAaBHEHUS:
y=Cx’+C,x+Cy;

OTmeTHM, YTO 3TO COOTHOIIECHHUE SBJIIETCS] PEIIEHUEM JJIsl BCEX 3HAYCHUN NIEPEMEHHOM X
Kpome 3HaueHus x =0.

YpaBHEHUS, HE coAeprKalllie SBHO HE3aBUCUMOM IIEPEMEHHOM.

D10 ypasHenus Buna F(y,y,...,y") =0.
[Topsimok TakuxX ypaBHEHHH MOXeT OBITh IOHIDKEH HA EAWHMILy C IIOMOIIBIO 3aMEHBI
HepeMeHHbIX V' = p.
D _ A dy_dp
Cdx dy dx dyp’

dy

d

&' A dy A d[d];pj a4 Y’

ym_ y - Yy _y: Yy p= p zpp2+ P p; AT.AO.
dc dy dx dy dy dy

IloacraBiss 3TU 3HAaUCHUS B HCXOIHOE ,Z[I/I(I)(I)CPCHLII/IB.J'IBHOG YpPaBHCHHE, IOJIy4acM.

d dn—l
F{y,p,—p, pj=0

P &



Ecou 510 ypaBHeHme mpouHTterpuposats, U @D(y, p,C,,C,,...,C ) =0- COBOKYIHOCTb

€ro peUIeHUH, TO Ui PElICHHs NAaHHOTO TU(QepeHIHaTIbHOIO yPaBHEHUS OCTACTCS PEIIUTh
YPaBHEHHE IIEPBOIO MOPSAIKA:

®(y9y’5 C17C27-">Cn—1) = 0

Hpumep. Haiitu o6uiee pentenue ypasnenus yy” —(3")> —4yy’ = 0.

» _dp

3amMeHa IepeMeHHOU: p = )'; y'==—=p;
dy
d, dj
W= p? —4yp =0; p(y—p—p—4y]=0;
dy dy

d d
1)y _p_sy=0, L=4s”2;
dy dy y
Jis pereHus noay4eHHOro qudGepeHIHaIbHOr0 YpaBHEHUS IPOU3BEIEM 3aMEHY ITepEeMEHHOM |

u=".
y
u+@y:4+u; du:4ﬂ;
dy Y
jdu=4j@; u=4h|+4nC;  u=4mn|Cy
y

2

p=4yh|Cy

>

dy .
C y4eTroM Toro, 4T0 p = d_ , IOJIy4aeM.
X

dy _ N S S
de 4y]Il|C1y, J4y]n|cly| = Idx:
L1 Id(lnlClyl) 1

i nrae Z1n\1n|c1 A+

OOmwmit MHTETpaT UMEET BU! ]n‘]n|C1y” =4x+C;

2) p=0;  y'=0 y=G

Takum 06pa3om, MOTYUNIIN ABA OOITUX PEIICHUSI.

JInHeHHbBIE )II/Id)dJG]f)eHHI/IaJ'II)HBIe YPAaBHCEHUS BBICHINX TTOPAAKOB.

Omnpenesnenue. JinneitnoiM AuddepeHINATbHBIM YPaBHEHHEM N — ro MOpPSAIKa
Ha3bIBAETCs JII000€ ypaBHEHHE MEPBOM CTENEHH OTHOCUTEIBHO (YHKLIHHU ¥ U €€ MPOU3BOJHBIX

Y,y ey

BHJA.

Py + oy py " w4 p, Y+ py = f(X);




rae Po, P1, -..,Pn — QYHKIIUHU OT X WM TIOCTOSHHBIC BEIMYUHBI, IprueM Po = 0.

JleByt0 4acTh 3TOro ypaBHeHus: 0603HaunM L(Y).

Py +p "+ py P+ p, Y Py = L)

Onpenenenne. Eciu f(X) = 0, to ypaBHenue L(y) = 0 Ha3biBaeTCs JIHHEHHBIM
oxHopoaHbIM ypaBuenueM, eciu f(X) # 0, To ypaBuenue L(y) = f(X) Ha3piBaeTcs JMHEHHBIM
HEOJIHOPOAHBIM YpaBHEHUEM, €CIH BCe KOI(DMHUIIMEHTHI Po, P1, P2, ... Pn — MOCTOSHHBIC YHCIIA,
to ypaBuerue L(y) = f(X) HaspiBaercs JuHeiHbIM au(depeHnaTIbHBIM YpPaBHEHHEM
BBICIIET0 MOPSAKA ¢ MOCTOSTHHBIMHU K03 () (pHuIineHTAMHU.

OTMETHM OJHO Ba)XHOE CBOMCTBO JMHEMHBIX YPAaBHEHMH BBICIIMX IOPSAKOB, KOTOPOE
OTJIMYAET UX OT HEJIMHEHHBbIX. JJIsi HEMMHENHBIX YpaBHEHUN YACTHBIM MHTETpaj HaXOIUTCA U3
o01iero, a sl JIMHEHHBIX — HA000POT, OOIIMK MHTETPal COCTABISAETCS U3 YacTHBIX. JIMHEHbIE
YpaBHEHHUS MPENCTABISAIOT co00l Hambosee 3y4eHHbI kiace auddepeHnanbHbIX ypaBHEHUN
BBICIHIMX MOPSAKOB. ITO OOBICHSAETCA CPAaBHUTEIHLHON MPOCTOTON HaxoXIaeHus pemienus. Ecou
OpU peUIeHHH KakuX — Ju00 TMpaKkTUYECKUX 3aJad TpeOyercs peluTh HeIuHeHHoe
muddepeHIMaTbHOe  ypaBHEHUE, TO 4YacTO MPUMCHSIOTCS  MPHOJIMKCHHBIE  METOIBI,
MO3BOJIAIOIINE 3aMEHUTh TAKOE YpaBHEHUE “ONU3KUM’ K HEMY JIMHEWHBIM.

Paccmorpum CIIOCOOBI WHTETPUPOBAHUS HEKOTOPBIX THUIIOB JIMHEHHBIX
mubdepeHIMaTbHBIX YPaBHEHU I BBICIINX MOPSIKOB.

JIunelinble oaHOpoaHble AubdepeHINAILHBIE YPABHEHUS C
[IPOU3BOJILHBIMU KO3 DUIIMEHTAMHU.

Paccmotpum ypasaenue suna p,y” + p,y" ™ + p,y" P +..+p, V' +p,y=0

Oupenenenne.  Boipaxenue  p v +py" ™" + p,y" > +..+p, V' +p,y=L()
Ha3bIBACTCS JIMHEHHBIM TH(PPepeHIHATbHBIM OIIEPATOPOM.
JIuneitHbli tuddepeHnranbHbIi onepaTop 06J1a4aeT CIeIyoIUMI CBOHCTBAMHU:

1) L(Cy) = CL(y);
2) L(yl +y2) = L(y1)+L(y2);

Pemenus nuHeHOro OIHOPOJHOI'O YpaBHCHHUA O6J18.,Z[8.IOT CJICAYIOIIUMUA CBOMCTBaMH.:

1) Eciu ¢yHkums ), sBisercs perieHueM ypaBHeHus, To (yHkuus Cy;, tne C —
MOCTOSTHHOE YHCIIO, TAK)KE SIBJISIETCS €0 PEIICHUEM.

2) Ecnu QyHKIMH y1 U Yo SBISIOTCS PELICHUSIMUA YPaBHEHUS, TO )1 +)2 TakxkKe sBISETCS
€ro peIIeHUEM.

CtpyKTypa 00IIEro pelIeHus.

Omnpenesnenne. OyHAAMEHTAJIBHON CHCTEMON PpelIeHUHA JUHEHHOTO OJHOPOJHOTO
maddepenmanbHOro ypaBHeHUsT N —TO Topsjaka Ha uHTepBaie (3, D) HaswpiBaercs Besikas
cucreMa N JIMHEWHO HE3aBUCUMBIX HAa 3TOM MHTEPBAJIC PEIICHUIN YpaBHEHHUS.

Omnpenenenne. Ecnu u3 GyHKIMii Yj COCTaBUTH ONMPEASIUTENb N — IO MOPSAKa




yl y2 yn

W= yl y2 yn ’

(n-1) (n-1) (n-1)
N Y e Y
TO ATOT ONPEICIUTEIh Ha3bIBACTCs ompeeuTeaeM Bponckoro.
( FO3ed Bponbckuii (1776 — 1853) — nmonbekuii MaTeMaTHK B GUITOCO(D - MUCTHK)

Teopema. Ecnu ¢ynxyuu y,,3,,...,y, JAUHEUHO 3A6UCUMbL, MO COCMABIEHHbLI 015 HUX
onpedenumens Bponckozo pasen nyiio.

Teopema. Eciu ¢pynxkyuu y,,y,,...,», TUHENUHO HE3AGUCUMBL, MO COCMAGLEHHbL Ol HUX
onpedenumens Bponckoeo He pageH Hyio HU 8 0OHOU MOYKe paccMampueaemozo uHmepead.

Teopema. /lna moeco, umodbl cucmema peweHutl JUHElH020 OOHOPOOHO2O
ouggepenyuanrvHo20  ypasHeHus Y, ¥,,...,y, Obvlla QYHOaMEeHmMAanbHOU HeoOX00uUMo U

0ocmamouto, 4mobvl cOCmasienHulll 0 HUX onpedenumeinsb Bponckozo 6vin ne pagen Hyiio.

Teopema. Eciu y,,y,,...,y, - pyHOamenmanvHas cucmema peuwienuil Ha unmepeare (a,

b), mo obwee pewenue nuneitnoco 00HOPOOHO2O Ouphepenyuarvro2o ypasHenus seIAemcs
JIUHEUHOU KOMOUHAYUell SMux peuleHul.
y=Cy+Cy,+..+Cy,,

rae C; —moctosiHHbIE KOO (OUITMCHTHI.
[IpumeHeHne TPHUBENCHHBIX BHIIIE CBOWCTB U TEOPEM pPACCMOTPUM Ha TpUMEpPE

JUHENHBIX OAHOPOIHBIX MU pepeHINabHBIX YPaBHEHUH BTOPOTO MOPSIIKA.

O011ee pelieHye JHHERHOr0 OQHOPOAHOro nuddepeHmanbHoro
VpPaBHEHUS BTOPOr'O MOPSIAKA.

W3 BBIIEU3T0KEHHOTO BHMJIHO, YTO OTBICKAHME OOILEro pelieHus JIUHEHHOro
OHOpOJHOTO  AuddepeHnanbHOr0  ypaBHEHHMs  CBOAMTCS K HAXOXKICHHUIO  €ro
(GyHIaMeHTaJIbHON CUCTEMBI PEIICHUH.

OnHako, faxe I ypaBHEHHUs BTOPOTO MOPSAIKA, €CaM KOI((UIMEHTHI p 3aBUCST OT X,
3Ta 3ajJjaua He MOXKET OBITh pEIIeHa B OOILIEM BUJE.

Tem He MeHee, ecu U3BECTHO OJHO HEHYJIEBOE YaCTHOE PELICHHE, TO 3ajJada MOKET
OBITh pelIeHa.

Teopema. Eciu 3adano ypasuenue euda y"+ p,(x)y'+ p,(x)y =0 u uzeecmno oono
HeHyesoe peutenue y = y1, mo obujee peuterue moxcem oOvlms HAOEHO no opmyie:.
| PAGE
y:Czyler J dx +C,y,.

1

Takum obOpazom, Ui MOMy4eHHs OOIIEro pelieHuss Hajxo MmoaodpaTh Kakoe — JHOO
yacTHoe penieHne qudpepeHInanbHOr0 YpaBHEHHS, XOTS 3TO OBIBAET YaCTO TOBOJBHO CIIOXKHO.

HHHCﬁHBIe OJIHOPOAHBIC HHd)d)eDeHHHaJIBHBIC YPABHCHUA C
HOCTOSHHBIMH KOdhGUIITMEHTAMH.




(n)

Pemenne auddepenuuansioro ypasuenus suga " +a,y" " +..+a,y=0 wm,

kopoue, L(y) =0 Gynem uckath B Buge y = e, rae k = const.
Tx. Y =kd™; y'=k*"; ... y" =k"e™, 10
L) =e" (k" +ak"" +..+a,).

[pu stom muorounen F(k)=k" +ak"" +...+a, Ha3bIBaeTCs XAPAKTEPHUCTHYECKHM
MHOTOWIEHOM TU(PEpEeHITNATEHOTO YPAaBHEHUSI.
Jlns  Toro, uToOB  (yHKIHA ~ y =€  ABIANACH  pelleHHEM ~ MCXOJHOTO
Qg epeHIaIbHOr0 YpaBHEHUS, HEOOXOAUMO U JOCTATOYHO, YTOOBI
L(e™)=0; Te. "F(k)=0.
Tk €% %0, 10 F (k)=0 - 5T0 ypaBHEHHE Ha3bIBACTCS XAPAKTEPUCTHYECKHUM
YPaBHEHHEM.

Kak n mo0oe anredbpanueckoe ypaBHEHHE CTENEHU N, XapaKTEPUCTUUYECKOE YpaBHEHHE
k" +ak"" +...+a, =0 umeer N kopHeii. Kaxk oMy KOPHIO XapaKTePUCTHIECKOTO ypaBHeHHUs K;
COOTBETCTBYET pelieHue nuddepeHuaibHOro ypaBHeHHS.

B 3aBucumocti oT K03(GHIUEHTOB K XapaKTepUCTHUECKOES yYpaBHEHHUE MOXKET HMETh
100 N pa3IuYHbIX JIEHCTBUTENbHBIX KOPHEH, JIN0O cpenn NeHCTBUTENBHBIX KOPHEN MOTYT OBITh
KpaTHble KOPHHU, MOTYT OBITh KOMILJIEKCHO — COMNpPSDKEHHBIE KOPHHU, KaK pa3jMyHble, TaKk U
KpaTHBIE.

He 6ynem nmonpo6HO paccmaTpuBaTh KaKIbli ciiydail, a copmynupyem ob1iiee npaBuiio
HaXOXJEHUS pElIeHHUs JIMHEHHOro OJHOPOAHOro UG (depeHIHaTbHOr0 ypaBHEHUS C
HOCTOSIHHBIMU K03 purimeHTamu.

1) CocraBisieM XapakTepUCTHUECKOE YPaBHEHUE U HAXOAUM €0 KOPHH.
2) Haxoaum yacTHbIe penieHust AMPQPpepeHnanbHOro ypaBHEeHUs, IPUYeM:
) KaKIOMY JICHCTBUTEILHOMY KOPHIO COOTBETCTBYET PEIICHHE e
0) KaXJIOMY JEHCTBUTEIHLHOMY KOPHIO KPATHOCTH M CTaBUTCS B COOTBETCTBHE M
PELIEHUI:
e oxe™; .. oxmeM.
B) KaXIOH mMape KOMIUIEKCHO —  CONpSDKEHHBIX  KOopHeH — atif
XapaKTEePUCTHUYECKOTO YPaBHEHNE CTAaBUTCS] B COOTBETCTBUE JIBA PELICHUS:
e” cosPx m e™ sinfPx.
I') KaXJ0i mape M — KpaTHbIX KOMIUIEKCHO — COMPSDKEHHBIX KOpHed o tif}
XapaKTEPUCTHUECKOTO YPaBHEHUS CTABUTCS B COOTBETCTBHE 2M pPeILICHHIA:
e cosPx, xe™ cosPx, .. x"'e™ cosPx,

m

e® sinPx, xe™ sinPx, ..x""'e™ sinpx.
3) CocrapisieM JTHHEHHYI0 KOMOMHAIMIO HAHICHHBIX PEIICHUI.

Ota IuHeHHas KOM6I/IHaLII/ISI u 6yIleT SABJIATHCA O6IJ_II/IM peHICHUCM HUCXOIHOI'0 JIMHENHOTO
OIHOPOJAHOI'O I[I/I(I)(I)CPCHI_[I/IEUIBHOI‘O YpaBHCHHA C ITOCTOSAHHBIMU KOB(I)(bI/ILII/ICHTaMI/I.

Ipumep. Pemuts ypaBuenue y" —y =0.



CocTaBuUM XapaKTepucTUdecKoe ypaBHenue: k> —1 = 0;
(k-D)(* +k+1)=0;, k=1, Kk +k+1=0;

D=1-4=-3; kzz—l+£i; @z—%—?i;

O6mee pemenune umeer BuiL| y = Ce* + e ? {Cz COS?}C e sin?x}

Hpumep. Pemute ypasuenue (1—x°)y" —2xy"+2y =0.

Oro JnuHEHHOe OomHOpoaHOe auddepeHIuATbHOe YpPaBHCHHE C TEPEMEHHBIMH
ko3 duimeHTaMu BTOporo mopsaka. Jlnus HaxoxaeHuss oOIIero pemeHus HEoOXO0IMMO
OTBICKATh KaKoe - JIN0O YaCTHOE peIIeHHe.

Takum 4aCTHBIM peIICHUEM OyIeT SBISAThCS QYHKIHS V, = X.
=L y'=0 0-2x+2x=0;

Hcxoanoe auddepeHunanbHoe ypaBHEHHE MOKHO TPe0Opa3oBaTh:

s 2x ., 2y
V' = Y+

=0.
1-x 1—x?

2x
1 [ha
Oowee pemenne umeet Bua: y = C\x I—ze =l 4+ CLx;
X

~In(1-x%)

y=C1xI 5 dx +C,x;
X

dx

1 1 1
=Cx|———+C,x; =Cx+Cx||—+ + dx;
4 1Ix2(1—x2) I IILZ 20— %) 2(1+x)}

J

I 1

1
y=C2x+C1x{——+Eln X

X 1—-x

1+x

—X

OxonvarensHo:| y = C,x + C;xIn +Cy;

Hpumep. Pemuts ypasuenue ' —y =0.

CocTraBuM XxapaKTepucTHdeckoe ypasHenne: k' —1=0.
> -DE*+1)=0;, k=1 k,=-1 ky=i; k,=—i.

Oomee pemennel]y = Ce” +C,e ™ + C, cosx +C, sin x.

[pumep. Pemuth ypaBuenue y" —4y' +4y =0.



XapakTepucTuieckoe ypaHenue: k° —4k +4 =0; ki =k, =2.

O6ee pewenne:| y = Ce™* + C,xe™".

[pumep. Pemuts ypaBuenue y"+2y"+5y =0.

XapakTepucTudeckoe ypapHenue: k> +2k +5=0; D =-16; k, =—-1+2i;
k, =-1-2i.

O6mee pewenne:| y =e *(C, cos2x + C, sin 2x).

[pumep. Pemuts ypaBuenue y" —7y"+6y" =0.

XapakTepucTudeckoe ypapHenue: k° — 7k + 6k =0, k(k* =Tk +6)=0;
k,=0; k,=1 k=6;

O6ee peuenue:| y = C, + C,e* +C,e™;

[pumep. Pemuth ypaBuenue y" —y' —2y =0.

XapakTepucTuueckoe ypasHenue: k° —k—-2=0;  k =-1; k, =2

O6ee pemrenne:| y = Cie™ +C,e™.

Hpumep. Pemuts ypasuenue y” —9y” =0.

XapaxrepucTHdeckoe ypapHenue: k- —9k> =0; k*(k* —9)=0;
ki =k, =k; =0; k,=3; ks =-3;

O6mee pemenne:| y = C, + C,x+C,x* + C,e™* + Ce™;

[pumep. Penmuts ypasuenne yy” —y'> = 0.

OTO ypaBHEHUE HE SIBJISETCS JIMHEWHBIM, CJIE€I0BATENbHO, MPUBEACHHBIN BBIIIE METO]
penIeHns K HeMy HEIPUMEHHM.
[ToHM3UM TIOPSITOK YPaBHEHUS C MMOMOIIBIO TTOJCTAHOBKU V' = p.

Torma " =@y' =@

dy dy b
dp

y—=—p-p>=0; p, =0, y =C;
dy

d dp _d dp _ ¢d
SP=p C=Tn [P lp=hleinG
v Py p Ty



: dy dy
p=Cn V=0n = J.Cy |

1
Eln|Cy|=x+]nC2; Cy =e“e " =Ce™;

. Cx,
OKOHYATEILHO ImoJiydacMm. y= Cle N

OT0 BBIpaXEHHE OyJeT OOIMM peHIeHHEM HCXOTHOro IU(epeHINaIbHOTO ypaBHEHHUS.
[Tomyyennoe Baie pemenue y1 = Cy mosrydaercst u3 oomiero permerus npu C = 0.

Hpumep. Pemuts ypasuenue 3yy” + 3> =0.

.. , _dp dp
HpOI/ISBOI[I/IM 3aMeHy HepeMeHHOI/I. y :p; y :—y :p—;
dy dy
d
3yp—p+p2=0; =0 »=C;
dy
d d d d 1 ¢d
pP=mp EZE [ [
dy p 3y p 37y
1 , C ~
hjp|=—Shp+h G pP==5  y=Cy
3 y
1 l 3 4
yidy = Cdx; jy3dy=Cl jdx, Zy3 =Cix+Cy;
4
yi=Cx+C,;

O6mee pemenne:| y = (Cyx+C,)*.

Jlunelnble HeoMHOPOIHBIE nUbdepeHIMAILHBIE YPABHEHUS
C OPOU3BOJLHBIMU KOY(D(UIIMEHTAMMU.

@4 p ()Y o+ p(x)y = f().

+p, ()" + ...+ p,(x)y = L(x) MOKHO 3aruCaTh:

L(x) = f(x).
[Tpu 3TOM OyzAem nonaratk, 4To K03()(UIMEHTHI U MpaBasi 4acTh 3TOTO0 YPABHEHUS HENPEPHIBHbBI
Ha HEKOTOPOM HHTepBajie ( KOHEYHOM HII OECKOHEYHOM).

PaccmoTpum ypaBHeHue BUIA Y

C yuerom 0603nauenus y"

Teopema. Obwee pewenue nuHeliH020 HeOOHOPOOHO20 OUPPepeHyuaIbHo20 YPAGHeHUs.

Y+ p ()Y +.+ p, (X)y = f(X) 6 nekomopoil obracmu ecmb cymma 1106020 20 peuierus

U obwe2o peweHUus COOMBEMCMBYIOWE20 JIUHEUHO20 O00HOPOOHO20 OupepenyuarbHo2o
YPAGHEeHUs.

Takum 00pazoM, B COOTBETCTBHUU TEOPEMOM, /IS PEIICHUs] JTUHEHHOTO HEOIHOPOIHOTO
T epeHIaIbHOr0 ypaBHEHUsT HEO0OXOAMMO HaWTh oOInee pelieHHe COOTBETCTBYIOIIETO



OIHOPOJAHOTO YpaBHEHHS M KaKHMM- TO 0Opa3oM OTBICKaTh OJHO YAacCTHOE peIleHue
HEOJHOPOIHOTO ypaBHeHUsI. OOBIYHO OHO HAXOIUTCS TTOI00POM.

Ha nmpaktuke y100HO IPUMEHATh METO/] BAPHAMH MPOU3BOJIbHBIX MOCTOSTHHBIX.
Jnst aTOro cHavasia HaXoJsAT oOlee pelIeHrne COOTBETCTBYIOIIETO OJHOPOAHOTO YpaBHEHHUS B
BHUJIE.

y=C» +Cy, +..4C,y, => Cy,;
i=1

3arem, momaras kodddummentsr Ci (QYHKIUSMH OT X, HINETCS PEIICHUE HEOJIHOPOIHOTO
YpaBHEHHS:

y= z C.(x)y;
i=1

MoxHO [0Ka3ath, 4Tto uis HaxoxaeHus (yHkuui Ci(X) Hago pemuTh CUCTEMY
YpaBHEHUN:

z Ci’(x)yi =0
i-1

Z Ci’(x)y; =0
i=1

>l = £

[Ipumep. Pemuth ypaBHeHue y" + y = x —sin 2.x.

Perraem nuneitHoe ogHOpOAHOE ypaBHeHue )" + y = 0.
K> +1=0; k =i; k,=-i.
y=e"(AcosPx+BsinPx); a=0, B=1;
y = Acosx+ Bsin x;
Pemenne HeoAHOPOJHOTO ypaBHEHUS OYJeT UMETh BU/L!
y = A(x)cosx + B(x)smn x;
CocraBisieM CUCTEMY YpaBHEHUN:
A'(x)cosx+ B'(x)sinx =0
{— A'(x)sin x + B'(x)cosx = x —sin 2x

Pemmm sty cucremy:
cosX

B'(x)=—-A' o
) () sin x —A (x) =Xx—sin2x
s sin x
o s ,, L COS" X , , ,
— A'(x)sin x — A'(x) =x—sin2x B'(x) = cosx(x —sin 2x)

sin x
U3 cootnomenns A'(x) =2sin’ xcosx —xsin x Haiigem GpyHKIUIO 4(X).
: : . . 2 . :
A(x) = .[Qsmz XCcosx — xsin x}v = 2.[sm2 x cosxdx — jxsm xdx = gsm3 x- jxsm xdx =

u=x; dv=smxdx;| 2 ., 2 ., .
= =—sin x+xcosx—jcosxdx=§sm x+xcosx—smx+C,.

du=dx; v=-cosx



Tenepps HaxoaUM B(X).

u=x; dv=cosxdx;

. . ) 2
B(x) = Ixcosxdx - 2_"cos2 xsin xdx = = xsin x — .[sm xdx +§cos3 X =

du =dx; v=sinx;
2 .
=—cos” x+xsmx+cosx+C,.

[ToacraBnsiem mosydyeHHbIE 3HAYCHHUS B (hOpMYITy OOIIET0 pelIeHUs] HEOAHOPOIHOTO YPaBHEHHUS .

2 . 2 . 2 . . 2 . .
y =§S]1'13 XCOSX + XCOS X—SIIIXCOSX+C1 COSX+§S]DXCOS3X+XSII1 X+S]1’IXCOSX+C2 S x =

2 . ) . .
= —sin xcosx(sin’ x + cos” x) + x(sin” x + cos’ x) + C, cos x + C, sin x.

. 1. .
OxoHuaTenbHBIN OTBET: |y = gsm 2x+x+C,cosx+C, sin x;

Takum 006pazom, ynanoch M30€XaTb HAXOXKICHHS YaCTHOTO PEIICHUS HEOJHOPOIHOTO
ypaBHEHUS METOAOM IMOA00pa.

BooOmie roBops, MeToI BapHalMd MPOU3BOJIBHBIX IOCTOSHHBIX MPHUTOACH JUIS
HAXOXKJICHUS PEIICHUH JIF0OOro JMHEWHOTO0 HEOAHOpPOAHOTO ypaBHeHus. Ho T.k. HaxoxeHue
byHIaMEHTAIbHON CUCTEMBl PEIICHUN COOTBETCTBYIOIIETO OJHOPOJHOIO YPaBHEHHS MOKET
OBITH JIOCTATOYHO CIIOKHOU 3a7a4eid, 3TOT METOJ B OCHOBHOM MPUMEHSETCS /JI1 HEOTHOPOIHBIX
YpaBHEHUU C OCTOSIHHBIMU KO3 PHUIIHEHTAMHU.

JIuneliable HeoqHOPOIHBIE MU dEPEHIINAIBHBIE YPABHEHUS C IOCTOSHHBIMUA
ko3¢ dumesTaMu.

YpaBHEHHS ¢ MPAaBO# YaCThIO CIEIHATLHOTO BUAA.

IIpencrasnsercss BO3MOXKHBIM IIPEACTABUTL BUJ YACTHOI'O PELIECHUS B 3aBUCUMOCTH OT
BH/JIa ITPAaBOM YaCTH HEOJHOPOJAHOTO YPABHEHHS.
Paznuuarot cienyromue cirydau:

@HpaBas{ 4acTh JINHEHHOTO HEOJTHOPOJHOTO AU dhepeHInalIbHOrO ypaBHEHUS UMEET BU!

S (x)=P(x)e™,

e P(x) = Ayx" + Ax"" +...+ A - MHOTOUJIEH CTeTeHH M.

Torna yacTHOE pelIeHne UIEeTCs B BUJIEC!

y=x"e"Q(x)
3neck  Q(X)- MHorowieH TOH ke cTemeHw, 4ro u P(X), HO ¢ HeompeIeICHHBIMU
ko3 durmeHTaMu, a I — YUCIO, NMOKAa3bIBAIOUIEEe CKOJIBKO pa3 YHCIO O SBISAETCS KOPHEM
XapaKTePUCTHYECKOTO  YPaBHEHUS Ui  COOTBETCTBYIOUIETO  JIMHEHHOTO  OZHOPOHOTO
T depeHIaTBEHOTO YpaBHEHHUS.

[pumep. Pemuts ypaBuenue y" —4y' = x.
Perum cooTBeTCTBYMOIICE OJJHOPOIHOE ypaBHeHue: y" —4y' = 0.
K =4k =0; k(k>-4=0; k=0, k,=2 k=-2
y=C, +C,e™ +C,e™;

Teneps HalZIEM YaCTHOE PELICHUE UCXOAHOTO HEOJHOPOAHOIO YPABHEHUS.



ConocTaBuM IMpaByIO YacTh YPAaBHEHHSI C BUJIOM MPABOM YaCTH, PACCMOTPEHHBIM BBIIIIE.
P(x)=x; a=0.
YactHoe pemenne umeM B Buze: y=x"e“Q(x), e r=1;, a=0; O(x)=Ax+B.
T.e. y=Ax" + Bx.
Teneps onpenenum HensBecTHbIE KOdhuimeHTor 4 u B.
[TogcraBuM yacTHOE pelieHHe B O0IIEM BUIAE B HCXOJHOE HEOJHOPOIHOE

nuddepeHnraIbHOe ypaBHEHHE.
y!=2Ax+B, y”=2A, ym=0;

0-84x—4B=x; —-84A=1; A=—%; B =0;

2
X
Hroro, yacTHoe pelienue:. y = Y

Torna o0mee penreHne TMHEHHOT0 HEOTHOPOAHOTO TN hEpEeHIIMATHFHOTO YPaBHEHUS:
2

V= —% +C, +Ce™ +Cye ™.

@ [IpaBas yacTh JIMHEHHOTO HEOAHOPOHOTO MU HEePEHIINATHFHOTO YPaBHEHHUS UMEET BUI:

f(x)=e™ B x)cospx + P, (x)sin px|

3nech Pi(x) u Py(Xx) — MHOTOUJICHBI CTENIEHU M1 U My COOTBETCTBEHHO.
Toraa yacTHOE pelieHre HEOAHOPOAHOTO YpaBHEHUS OyAeT UMETh BUJL:

y=x"e* Dl (x)cosPx+Q,(x)sin Bx:

TZI€ YMCJIO I' TIOKA3bIBACT CKOJIBKO pa3 4YHCIIO Ot+il3 ABJIICTCA KOPHEM XapaKTCPUCTHYCCKOI'O

yYpaBHEHUSI JIJIsl COOTBETCTBYIOIIEr0 OgHOpoaHOrO ypaBHeHHs, a Q1(X) u Q2(X) — MHOTOUIECHBI
CTEIEHHU HE BEIIIE M, rie M- OOJIbIIas U3 CTEIEHer My 1 My.

3aMeTUM, 4YTO €cClii IpaBas 4YacThb YpaBHEHHUS SIBISETCS KOMOWHaLUeH BbIpaXKeHHM
pPacCMOTPEHHOTO BBIIIIE BHJA, TO pEIIEHWE HAXOAUTCI KaK KOMOWHAIUS pelIeHuN
BCIIOMOTI'aTCJIBHBIX ypaBHeHPIfI, KaXXZ0€ U3 KOTOPBIX MMECT IMPAaBYIO 4aCTb, COOTBETCTBYIOIIYIO
BBIPAXXEHHIO, BXOSIIIEMY B KOMOUHAITHIO.

T.e. ecnmu ypaBHenue mmeer Bua: L(y) = f,(x)+ f,(x), TO 9acTHOe pemIeHHE 3TOTO

ypaBHEHUs OyneT y =y, +,,T/Ie )1 U Y2 — YaCTHBIE PEIIEHUSI BCIOMOTaTeIbHbIX ypaBHEHUI

L(y)= fi(x) m L(y) = f,(x)
JIig niutocTpay peym npuMep APYruM CrocoooM.

[pumep. Pemuth ypaBHenue y" + y = x —sin 2x.

[IpaByto dacts an¢¢epeHnnaIFHOTO YPaBHEHHUS TPEJICTaBUM B BHAE CYMMBI ABYX
bynkuni f1(X) + f2(x) = x + (-sinx).
COCTaBHM M PEIINM XapaKTepHCTHIECKoe ypaBHeHue: k° +1=0; k., =%1i



1. Jns dynkunu fi(X) pemrenne nmem B Buge y, = x e Q(x).

[Tonmyuaem: oo =0, r=0,0(x)=Ax+B; T.e. y, =Ax+ B;
=4y =0
Ax+B=x; A=1, B=0;

Hroro: y, = x;

2. Jna dyaxiun fo(X) pemenne umem B Buge: y, = x e (Q, (x)cosPx + O, (x)sin fx).
Anammsupys yHkiuio fo(X), nonyuaem: P (x)=0; P, (x)=-1;

a=0; B=2; r=0;
Taxum ob6pazom, y, = Ccos2x + Dsin 2x;

!

v, =-2Csin2x+2Dcos2x;

"

Y

—4C2cosx —4Dsin 2x;
—4Ccos2x—4Dsin2x + Ccos2x + Dsin 2x = —sin 2x;

—3Cco0s2x—3Dsin2x =—sin2x

I .
Hroro: y, = —sin 2x;
3
T.e. uckoMoe 4acTHOE pelIeHre UMEeT BU. ¥ =y, + ), = —sin 2X + X;

Ob11ee peleHre HEOJHOPOAHOTO TG GEpEeHIINATBHOTO YPaBHEHUS

y=—sin2x+x+C, cosx+C, sin x;
3 1 2

PaccMOTpHM MpUMEpBI IPUMEHEHHSI ONIUCAHHBIX METO/IOB.
[Mpumep. Pemuts ypaBuenue y" —2y'+ y =3e”.

CocTaBUM XapaKTepUCTUYECKOE ypaBHEHME JJIsi COOTBETCTBYIOIIETO JMHEWHOTO OJIHOPOJHOTO
mubdepeHIMaTbHOTO YpaBHEHHUS:

=2k +1-0;  k =k, =1;

O61ee pemenue oqHOpoaHOTrO ypaBHeHus: y = Ce* +C,xe".
Teneps HallieM 4aCTHOE PEIICHUE HEOAHOPOAHOTO YPABHEHUS B BUJIE!

y=x"e”0(x)

a=1 r=2; 0x)=C;
y=Cx’e".



Bocrnons3yemcst METOIOM HeompeeIeHHBIX KO3 PUITUCHTOB.
y' =2Cxe* +Cx’e”; y" =2Ce" +2Cxe" +2Cxe" +Cx’e”.
[TonacraBmsisi B MICXOJHOE YPABHEHUE, MTOJTy4aCM:
2Ce” +4Cxe” +Cx’e* —4Cxe™ —2Cx*e” + Cx’e” =3e”.

2C=3; Czé.
2

X

3
YacTHOe pellleHUe UMEET BUL. ) = Exze .

. 3
Ob1ee penieHne JIMHEHHOT0 HEOAHOPoIHOTO ypaBHeHus:| y = Ce” + C,xe” + Exze".

Hpumep. Pemuts ypauenne y” —y' = x> —1.

XapaxTtepuctuueckoe ypapuenue: k> —k=0; k(k>-1)=0; k =0; k, =1, k, =—1;
Oo61ee pemenue ogHopogHoro ypasHenus: y =C, +C,e” +Cie .
YacTHOe pelieHre HeOAHOPOIHOTo ypaBHeHHs: y = x' e™ Q(x) .
a=0; r=1; O(x)=Ax"+Bx+C.
y=Ax" +Bx* +Cx
Haxoaum mpon3BOIHbIC U MOACTABIISIEM UX B HCXOJHOE HEOJHOPOIHOE YPaBHECHHE:
V' =34x" +2Bx+C; y"=6Ax+2B; y"=64;
64—3A4x* —2Bx-C=x" -1,
—-34=1, -2B=0; 64—-C=-1;
A=—%; B=0; C=-1;

[Nonyuaem oO1ee pelieHne He0HOPOIHOro TG depeHNNATbHOIO YPABHEHHUS .

y=C +C,e" +Cie™" —%x3 —X.




